Abstract. Let P be a parabolic subgroup of a semisimple complex Lie group G defined by a subset Σ of simple roots of G, and let Eϕ be a homogeneous vector bundle over the flag manifold G/P corresponding to a linear representation ϕ of P . Using Bott's theorem, we obtain sufficient conditions on ϕ in terms of the combinatorial structure of Σ for some cohomology groups of the sheaf of holomorphic sections of Eϕ to be zero. In particular, we define two numbers d(P ), ℓ(P ) ∈ N such that for any ϕ obtained by natural operations from a representation of dimension less than d(P ) the q-th cohomology group of Eϕ is zero for 0 < q < ℓ(P ). We prove also that in this case that the vector bundle Eϕ is rigid.
Let E be a holomorphic vector bundle over a connected compact complex manifold M . Then there is a natural homomorphism of complex Lie groups µ : Aut E → Bih M , where Aut E is the automorphism group of the vector bundle and Bih M is the group of all biholomorphic transformations of M . The bundle E is said to be homogeneous if the action µ of Aut E on M is transitive.
Assume that we have a homomorphism Φ : G → Aut E such that the action µΦ of G on M is transitive. Then E is homogeneous; we say that E is homogeneous with respect to G. Let o ∈ M and let P = G o be the stabilizer of o in G. Then P acts in a natural way on the fibre E = E o , that is, we have a holomorphic linear representation ϕ : P → GL(E). It is known that the bundle E is uniquely determined by the group G, the subgroup P , and the representation ϕ, which can all be arbitrary. We denote by E ϕ the homogeneous vector bundle over M = G/P defined by a representation ϕ of P .
Note also that corresponding to standard tensor operations on representations there are similar operations on vector bundles with a fixed base. In particular, (1) E ϕ * = E * ϕ , E ϕ1+ϕ2 = E ϕ1 ⊕ E ϕ2 , E ϕ1ϕ2 = E ϕ1 ⊗ E ϕ2 . For a Lie group G denote by G
• the identity component of G. We consider the case when M is a flag manifold, that is, when M is homogeneous and the stabilizers (Bih M )
• , x ∈ M , are parabolic subgroups (see [1, 6] ). Then the group Bih M and all its transitive subgroups are semisimple Lie groups.
Let E → M be a homogeneous vector bundle and let Q = µ((Aut E)
• ). Then Q acts on M transitively and, therefore, is semisimple. By Levi's theorem, there exists a connected Lie subgroup G of Aut E such that µ : G → Q is a local isomorphism. Thus E is homogeneous with respect to a connected semisimple Lie group G whose action on M is locally effective.
We choose a maximal torus T of G and denote by t the corresponding Cartan subalgebra of the tangent algebra g of G. Let ∆ ⊂ t * be the root system associated with T and let ∆ + ⊂ ∆ be a subset of positive roots. We denote by Π the corresponding system of simple roots.
As usually, consider a non-degenerate G-invariant scalar product in g inducing a non-degenerate scalar product (·, ·) in t * invariant under the Weyl group W . An element β ∈ t * is called a weight if
A weight β is said to be dominant if (β, α) ≥ 0 for each α ∈ ∆ + . Let g α be the root subspace of g corresponding to α ∈ ∆. If R is a Lie subgroup of G normalized by T , then its tangent subalgebra r ⊂ g has the following form:
where ∆(R) ⊂ ∆ is some subset called the root system of R. In particular, each system of positive roots ∆ + determines two Borel (that is, maximal solvable) subgroups B ± of G containing T with root systems ∆(B ± ) = ±∆ + .
Let P be a parabolic subgroup of G, that is, a subgroup containing a Borel subgroup. We assume that P contains the subgroup B − corresponding to the system of negative roots ∆ − = −∆ + . It is known (see [1, 6] ) that ∆(P ) = ∆ − ∪ [Σ] in this case, where [Σ] is the set of all roots of G that can be expressed as a linear combination of elements of a subset Σ ⊂ Π. We have the semidirect decomposition
where H is a maximal reductive subgroup, N − is the unipotent radical of P , and p, h, n − are the corresponding Lie algebras. Moreover,
and Σ coincides with the system of simple roots of the group H corresponding to its Borel subgroup B + ∩ H. Thus the parabolic subgroup P ⊂ G is uniquely determined by the subset Σ ⊂ Π of simple roots.
Note that T is also a maximal torus of P . Each weight of a representation ϕ of P is a weight in the above sense. A representation ϕ is completely reducible if and only if it is trivial on N − ; in this case it is uniquely determined by the representation ϕ| H of H. A highest weight of ϕ is, by definition, a highest weight of ϕ| H understood in the sense of the ordering corresponding to the Borel subgroup B + ∩ H.
One uses Bott's well-known theorem (see [1, 2] ) to calculate the graded cohomology space H * (M, E ϕ ), where M = G/P is a flag manifold and E ϕ is the sheaf of holomorphic sections of the homogeneous vector bundle E ϕ → M defined by a representation ϕ : P → GL(E).
A weight λ ∈ t * is said to be singular if there exists a root α ∈ ∆ + such that (λ, α) = 0, and it is said to be regular otherwise. We set γ = 1 2
If λ is a regular weight, then there exists a unique w ∈ W such that w(λ) − γ is dominant. The index of the regular weight λ is the smallest integer s such that w expands into the product of s reflections s α , α ∈ Π. This is equal to the number of α ∈ ∆ + such that (λ, α) < 0. To each weight λ ∈ t * such that λ + γ is regular we assign a dominant weight I(λ) ∈ t * by the rule I(λ) = w(λ + γ) − γ. To formulate Bott's theorem, note that in each cohomology space H q (M, E) associated with a homogeneous vector bundle E → M = G/P there exists a natural structure of a G-module.
Bott's theorem. Let ϕ be an irreducible finite-dimensional representation of P with highest weight Λ. Then the graded cohomology space H * (M, E ϕ ) is determined by Λ in the following way:
an irreducible G-module with highest weight I(Λ).
Using this theorem, we will obtain some sufficient conditions on representations ϕ of P for a cohomology group H q (M, E ϕ ) to be zero. Bott's theorem is not applicable directly when the representation is not completely reducible. But due to the following lemma to prove that cohomology is zero it is enough to consider completely reducible representations. For an arbitrary holomorphic representation ϕ : P → GL(E) we construct a completely reducible representation ϕ s as follows. There is a filtration (Jordan-Hölder tower)
It is well-known that ϕ s does not depend on a Jordan-Hölder tower of E.
Denote by ϕ i the restriction of ϕ onto the invariant subspace E i and consider the short exact sequences of sheaves
corresponding to the exact sequences
of P -modules. Using the exact cohomology sequence, by induction on i from (5) we get H q (M, E ϕi ) = 0 for all i = 1, . . . , m.
Each ξ ∈ t * is a linear combination of simple roots α ∈ Π. We denote by c α (ξ) the corresponding coefficients, that is, ξ = α∈Π c α (ξ) · α, and set
The value (ξ, ξ) is called the length of ξ and denoted by |ξ|. For δ 1 , δ 2 ∈ ∆ + we write
We need two lemmas on semisimple Lie algebras. Proof. Each irreducible component of ψ is of the form
where ψ ij is a nontrivial irreducible representation of g ij . The dimension of (7) is not less than
Let A ⊂ Π \ Σ and B ⊂ Σ. In the sequel we consider representations ϕ of P with highest weights Λ satisfying
We define a class of positive roots δ of g (significant (A, B)-roots) such that if Λ + γ is regular then (Λ + γ, δ) < 0. By Bott's theorem and Lemma 1, this implies that
, where ℓ(A, B) is the number of significant (A, B)-roots.
Let us introduce the required concepts. A positive root
of g with (9) c α0 (δ) > 0 for some α 0 ∈ A will be called an (A, B)-root. Denote by ∆ A,B the set of (A, B)-roots. We say that δ ∈ ∆ A,B is significant if there exists a root σ δ ∈ ∆ A,B such that
and C(δ − σ δ ) consists of simple roots of the same length not greater than |σ δ |.
Lemma 4. If a weight Λ satisfies (8) and Λ + γ is regular then for each significant δ ∈ ∆ A,B one has (Λ + γ, δ) < 0.
Proof. By (8) and (3), we have
Note that (12) 2(Λ, α) (α, α) = −1 for each α ∈ Π because otherwise (Λ + γ)(α) = 0 and Λ + γ is singular. Combining (2), (8), and (12), we obtain
From (11), (13), and (10) one gets
By Lemma 2, there exist δ 0 , δ 1 , . . . , δ m ∈ ∆ A,B such that δ 0 = σ δ , δ m = δ, and
By the definition of significant roots, c does not depend on i = 1, . . . , m and
For any roots α, β if |α| ≥ |β| then (α,α) (β,β) ∈ N. Applying this to δ 0 = σ δ and δ i − δ i−1 , from (16) we get 1 2c (δ 0 , δ 0 ) ∈ N and, therefore, from (2) one obtains
By (2) and (3),
Moreover, from (15) and (8) we have
By induction on i, combining (14), (17), (18), and (19), we get Example 1. We prove three sufficient conditions for δ ∈ ∆ A,B to be significant by giving corresponding σ δ . In what follows, we will denote by the same letter a representation ϕ : P → GL(E) and its differential ϕ : p → gl(E). Proof. If Λ + γ is singular then, by Bott's theorem, H * (M, E ϕ ) = 0; suppose that Λ + γ is regular. By Lemma 4, (Λ + γ, δ) < 0 for each significant δ ∈ ∆ A,B . Therefore, the index of Λ + γ is not less than ℓ(A, B). Applying Bott's theorem, one completes the proof.
We say that a representation ϕ : P → GL(E) is obtained by natural operations from a representationφ : P → GL(Ẽ) if there is a homomorphism π : GL(Ẽ) → GL(E) such that
Example 3. A representation ϕ obtained fromφ by tensor operations (1), for instance ϕ =φφ * , satisfies (21).
Denote by H ′ and h ′ the semisimple commutator subgroup of H and its tangent subalgebra respectively. Let us regard Σ as a subdiagram of the Dynkin diagram D of g. Then h ′ is a semisimple Lie algebra with Dynkin diagram Σ. As usually, each connected component C of Σ determines a simple ideal h C of h ′ . If a representatioñ ϕ of P is trivial on some h C then, by (21), any ϕ obtained fromφ by natural operations is also trivial on h C . This observation, Lemmas 1,3, and Theorem 1 allow to prove that if ϕ is obtained by natural operations from a representation of relatively small dimension then some cohomology groups H q (M, E ϕ ) are zero. Indeed, Lemma 3 guarantees thatφ and, therefore, ϕ are trivial on some ideals of h ′ if the dimension ofφ is sufficiently small. The less is the dimension ofφ the more ideals ϕ is trivial on. By the construction (4) of the corresponding completely reducible representation ϕ s , ϕ(h C ) = 0 implies ϕ s (h C ) = 0. Let B be the union of those connected components C of Σ for which one has ϕ s (h C ) = 0. Consider an arbitrary irreducible component ϕ ′ of ϕ s with highest weight Λ. Clearly, (Λ, β) = 0 for each β ∈ B. We set
If A(ϕ ′ ) is empty then Λ is dominant and, by Bott's theorem, H q (M, E ϕ ′ ) = 0 for all q > 0. Otherwise, according to Theorem 1, we get
. Thus, by Lemma 1,
where ϕ ′ runs through the irreducible components of ϕ s with A(ϕ ′ ) = ∅. The following theorem is an example of such a result. To formulate it we need some notations. We say that a subset B ⊂ Σ is adjacent to a vertex α ∈ Π \ Σ of D if there is an edge of D connecting α and B. Equivalently, there is a unique simple root β ∈ B such that (α, β) = 0. For a simple root α ∈ Π \ Σ consider the connected components C 1 , . . . , C n of Σ ⊂ D adjacent to α and the corresponding simple ideals h C1 , . . . , h Cn of h ′ . Denote by d i the minimal dimension of a nontrivial representation of h Ci and set
If there are no nonempty connected components adjacent to α, we put d(α) = ℓ(α) = 1. Set also
Theorem 2. Suppose that a representation ϕ of P is obtained by natural operations from a representationφ of dimension less then d(P ). Then we have
Proof. If d(P ) = 1, the statement is trivial. If d(P ) > 1 then from Lemma 3 it follows that for each α ∈ Π \ Σ there is a nonempty connected component C α of Σ adjacent to α such thatφ and, by (21), ϕ are trivial on h Cα . By the definition of ℓ(P ), we have ℓ(P ) ≤ ℓ({α}, C α ) and from (22) one obtains (23). Remark 1. We have d(P ) > 1 if and only if for each α ∈ Π \ Σ there exists a nonempty connected component C ⊂ Σ adjacent to α. According to the following lemma, this is also equivalent to ℓ(P ) > 1. In this case the result of Theorem 2 is nontrivial.
Proof. The root α is clearly a significant (α, B)-root. By assumption, there is β ∈ B such that (α, β) = 0. Consider the root δ of the form
such that δ + α and δ + β are not roots of g. According to Example 1, δ is also significant. Thus we have at least two distinct significant roots.
Example 4. Consider the Grassmanian Gr n,k of k-dimensional subspaces of C n . It is a flag manifold of the group SL n (C). The stabilizer of a point o ∈ Gr n,k is a parabolic subgroup with Σ = Π \ {α}, where α is the k-th simple root in the Dynkin diagram e e u k-th root
of SL n (C). The subdiagram Σ consists of two components C 1 and C 2 adjacent to α, one of which is empty if Gr n,k ≃ CP n−1 , that is, if k = 1 or k = n−1. Hence d(P ) = n if 1 < k < n−1, and d(P ) = n−1 if k = 1 or k = n−1. According to Example 2, we have ℓ({α}, C 1 ) = k, ℓ({α}, C 2 ) = n−k. Thus ℓ(P ) = min{k, n−k} if 1 < k < n−1, and ℓ(P ) = n−1 if k = 1 or k = n−1. This computation gives the following result.
Theorem 3. For any vector bundle E → Gr n,k , 1 < k < n− 1, obtained by tensor operations from a homogeneous vector bundleẼ → Gr n,k of rank less than n one has H q (Gr n,k , E) = 0 for all 0 < q < min{k, n−k}.
Proof. It is known (see [6] ) that for 1 < k < n−1 any transitive Lie subgroup of Bih Gr n,k coincides with Bih Gr n,k = PSL n (C). Therefore, each homogeneous vector bundle over Gr n,k is homogeneous with respect to the simply connected group SL n (C). HenceẼ = Eφ for some representationφ of P ⊂ SL n (C). By (1), we have E = E ϕ , where ϕ is obtained fromφ by tensor operations. According to Example 3, Theorem 2, and the above computation of d(P ) and ℓ(P ), we complete the proof.
Cohomology groups of sheaves considered here appear, in particular, in deformation theory [8] . Theorems 1 and 2 allow to prove rigidity, that is, absence of nontrivial deformations [8] , of some homogeneous vector bundles and supermanifolds [5, 7] . A result on rigidity of vector bundles is given by the following theorem, while homogeneous supermanifolds are studied in [4] . Proof. By (1), we have E ϕ ⊗ E * ϕ = E ϕϕ * . According to Example 3, the representation ϕϕ * is also obtained fromφ by natural operations. Then from Theorem 2 and Remark 1 one gets H 1 (M, E ϕ ⊗ E * ϕ ) = 0, which implies that E ϕ is rigid (see [3, 8] ).
